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DIFFUSION SPREADING OF LOCALIZED HYDRODYNAMIC DISTURBANCES UNDER THE
ACTION OF RANDOM FORCES

V.A. GORODTSOV

The effect of a time-dependent random force on fluid flow may be found
by changing to a non-inertial coordinate system. It is shown that,

under the action of a Gaussian random force, initially localized dis-
turbances undergo spreading of a diffusion type. Explicit analytic
solutions are given for the interior wave soliton under the action of a
random force. It is shown that, in the presence of a soliton, the growth
of velocity pulsing may either increase or moderate.

1. The evolution of a wide class of one-dimensional disturbances of the velocity field
of the flow u(x,?) in hydrodynamics is described by the general non-linear equation /1/

wtun, + § dyF (9 — 1) uy, () =1 (1.1)

when there are no external force (f =0) the Cauchy problem for the homogeneous equation
can sometimes be solved by means of reduction to a linear problem, and as a result of the
balance of non-linearity, dispersion, and dissipation, the existence of selfpreserving non-
linear fields (solitons and shock waves) is possible. In particular, when F (z) = —ub (2),
we obtain Burgers' equation, which, under the Hopf-Cole replacement, reduces to the linear
equation of diffusion. For

F (z) ~ — &' (2), P%, P(ctg—ghi — sgn:t)

the equations are respectively, completely integrable Korteweg- de Vries equations, Benjamin-
Ono equations, and the equations of the interior waves in a basin of finite depth (the symbol
P indicates that the singular integrals are to be taken in the sense of the principal value) .
The reducibility to a linear problem in these cases is also well-known /2/.

With regard to the non-uniform Eq.(l.i), by using the equivalence of the action of the
spatially homogeneous force f(f) and of a suitable acceleration of the coordinate system, the
soltuion of (l1.1l) for u(z,t) can be reduced by the change of variables
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=z {t) =& ufz, ) —ug (&) = v (§ 1) {1.2)
Oxgldt = u,, Bug/dt = [ (t)

to the solution of exactly the same uniform equation for v(§,#) (the solution of the uniform
equation will henceforth be denoted by the letter p to distinguish it from the solution u of
the non-uniform eguation).

By using the known solutions of the uniform equation and the above change of variables,
we can estimate the influence of the external forces. Under the action of the determinate
external force f{(I} a uniform "background" flow 1, (f) = Sdtf and a variable motion of the
"centre of gravity" of the solution of the uniform equation #,(f) = {diu, are induced. In
particular, in the case of an oscillating external force, both the background and the centre
of gravity oscillate. Under the action of a random force, fluctuations of both of these arise.

We shall first confine ourselves to the mean flow caused by a Gaussian random force with
zero mean value {f> = 0. In accordance with transformation (1.2), we have

(U (@, 1)) = (v — 2, (), )) == <eXP(— (1) —;;)\/\ vic, t) = (1.3)
exp (102t v (z, 1), T=(a2(t)/2

The last important equation is proved by series expansion of the exponential function,
followed by term by term averaging, and reverse transformation of the result intc an exponen-
tial function. Since the random force is Gaussian, all the odd moments vanish, while the even
moments reduce .to integral powers of the second moment.

The operator relation {(1.3) can also be written as a Fourier expansion or integral con-
volution:

o0
(2 1)) =5 S dkw (k, t) exp (— k3t -+ ikez) == (1.4)

—0o

oo

{ dyg—= 0000, gl )=y rexp(— )

—

If we now pose the question of the influence of a Gaussian random force on non-lineaxr
waves of soliton type (or shock-wave type), which propagate in the absence of forces without
a change of shape V {(zr — et} then we obtain from (1.3):

{u (xz, 1)) = exp (/6P V (), n=2 —ct (1.5)

i.e., under the action of random forces these waves must undergc a diffusion type of smearing:

8<uy 1 d<uw 8% cu> D(t)—-l a

= =TDe e = = a7 <& ) (1.6)

At long times, when v is large and the main contribution to the Fourier expansion is
from small k, we obtain from (1.4) the simplified relation

ulz, > = vk =0, t)g (z, 1), t— oo (.7

which is suitable when the asymptotic stage is reached and the diffusion width ~1"s becomes
much greater than the initial width of the disturbance.
For random forces of the "white noise" type we have

F Y (8> = 1638 (8, — ), v = Yulao® (2)) = Vefo*? (1.8)
and at the remote stage of soliton smearing (t—> ®) its width (in the mean) increases as
T~ T, whereas its height decreases as T+ ~ 1. The averaged "soliton area" then

remains constant in time:
o

{ dequz,p=v (*=0) (1.9)

]

which is-the result of the initial Eg.(1.l) with () =0.
An example of a completely integrable uniform equation of type (1.1) is the interior wave
equation /2/

1+h —
v,+wx+-—2%—§d§ [cth—n—%ll-—-sgn(g——x)] vge (5. £y =0 (1.10)
which has a solution of the soliton type (with 0 <Cxh <m)

1 2% sin xh
V(1])=(1+T)_T_cos e = (1.11)
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2 (1+ _}‘-) S k2 exp (ikn)

—~—00

The smearing of this soliton when random forces come into action (at the instant t = 0)
is given by a Fourier expansion of type (1.4):

@ =21+ S dk—Eh oxp (— kT - ikn) (1.42)

At long times (T o) the soliton height, given by <¥) with 71 =0, is 2 {1 +
h)(mty-h, Since the soliton area is constant: V(k=0) =4x (1 + k), its width (the ratio of
the area to the height) will increase as 2 (nr).

In the "shallow water" limit (h— 0,xh— 0) the free soliton of interior waves (1.11)
takes the classical form x%ch?(#1/2) and satisfies the Korteweg - de Vries equation v +
vV 4 YVghex = 0.  The behaviour of this soliton in a field of random force is analysed in /3/,
where the solution was given in the form (1.12) with k instead of (1 + 4/h)sh kh.

In the "deep water" limit (h-> oo, x>0, %h = 5 ~ %/c) the free soliton satisfies the
Benjamin-Ono equation and has the Lorentz form

T g, ¢
vttt f a8 o vim= (1.13)

—o0

Gaussian white noise leads to smearing of the soliton, which is described by (1.12) with
1+ 1ih)sh khish kax™* replaced by exp{—|k l/c). The result can be written in terms of the
error function:

u (z, 8)> = (n/t)'h exp {Peric { + c.c., 200h = in + 1/e (1.14)
For the height, width and area of the soliton we have respectively 2 (a/t)%, 2 (nr)» and
4,
With regard to the interaction of several solitons, it is well-known /1, 2/ that, after
a long time, the solution of the problem is close to the sum of the free solitons in uniform
motion. Under the action of random forces, at long times t, the widening of the solitons

(~t)  is at a faster rate than their "pick-up" {~U), and at the remote stage of evolution
all the solitons "merge" intc a single weak disturbance /4/.

2. The above analysis can be extended directly to the multidimensional case. For
instance, the three-dimensional inhomogenecus Navier-Stokes equations, describing the flow
of a homogeneous incompressible fluid (of density p == 1), under the action of forces {(f)
can be reduced by the change of variables {(compare with (1.2))

o — 2o (8) = & uy (x, ) —uyg () = v; &, 0)
a.‘tog/at == Ujips 6“10/01 = f; (t)

to the same uniform equations for v (§, ).
Hence we find, in just the same way as in the uniform case, that

{ug (x, 2)) = vy (x — x4 (), 1> = exp (vAv; (x, 1) = 2.1
2n)3 § Bho, (k, 1) exp (—k*v + kx)

if the random vector force function is assumed to be Gaussian and isotropic. The effect of
the random forces on the mean flow is here via a single scalar characteristic T, in terms
of which the correlation <{Zio ()2, (1)) = 218;; is expressed.

From {2.1) as t—> oo we have the simple asymptotic estimate {compare with (1.7))

u; {x, ) =~ (4ne)~* v, (k = 0, exp [ —x¥/{4x)}

In the three-dimensional case also, therefore, the effect of a Gaussian time-dependent
random force amounts to diffusion broadening of the initially localized disturbances. Under
the action of intense white noise the diffusion smearing of a disturbance which has earlier

retained its form, occurs in the same way as in the one-dimensional case {~¥#), while the
amplitude falls more rapidly as a result of geometric divergence (~1~h), Then, the integral

§ Bzdu (x, )) =V (k = 0)
does not vary with time.

3. We will now consider the higher moments of the field of flows caused by a random
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force when there is an initial disturbance v. We shall confine ourselves to the one-dimen-
sional model (1.l). By (1.2), the velocity u(z,t) of such flows is the sum uy(f) + v (z —
zy (1),t) with random functions u,(f), z, () and the regular solution v(z,%) of the uniform
equation of type (l.1). Thus evaluation of the moments of the velocity field u(z,t) reduces
to finding the correlations of the "background" u,(!) and the function v of the random

variables 1z, (t):
<H u (2 ti)> =<H uoi> + <uox Hl v (i — Tois ti)> + (3.1)
i i (50
R <Hv(1i — Ty t,»)>

Here and below, we use the abbreviated notation I, ()= Tos» Ug (L) = Ugs-
Writing the function v (x — z,(!),t) as the product of the random shift operator  exp (—

zy (t)8/02) and the regular function v (z,t), we find that
[/}
<H v (7 — Iy ti)> == <H exp (— Tot ,—”—i)> ozt = ¢2)
i i K

1 a2
exp (—2‘ 2 {Toi%opd T,,?g‘) [Tv (o o
i3] k

if we use the generalization of (1.3) for an arbitrary Gaussian random field a (f) (a; = a (¢;))
and parameters a; which may be numbers of operators d/dz;

1
(Tl exp (a)y =exp (T Z oy Caia))) 3.3)
i [
For simultaneous correlations (with ¢ =...=1,=1), from (3.2) we have

<H v(r; — %y (1), t)> = exp (TaL;,) H v (4, 1) (3.4
r-—:% CHONERS OX!

so that these correlations satisfy the same diffusion Eq.(1.6) as the mean velocity <u (z, t)) =
vz —z, (1), .
For simultaneous corxrelations at the same point of space (£, = ... =2z, = z) we have
" (x — 20 (1), 1)) = exp (1FaW" (2, 1) = g+ V' = (3.5)
§dyg (@ — y, 0" 9, 1), £ (=, 7) = exp (16%62%)5 (2)

Consequently, the problem of the one~point simultaneous moments {U") of the field of
flows due to a Gaussian random force (switched on at ¢=0) and an initially stationarily
moving disturbance V¥ (z — ¢t), amounts to solving the simple initial value problem

Fo O = O O g =V () (3.6)

With » =1 we have the result of Sect.l.

To find the correlation functions of the field u(z,!), we have to find in accordance
with (3.1) the correlation alsc between the background u,(f) and v(z — z, (t), t).

For this, we can use the corollary of (3.3):

Ky = E, <ally = Z,a., <aap E 3.7
1

nally = ((amary + Do, e @mp)E, ...
i

= l_‘[ exp (a,4,), ;5' =exp <(§ akak)’/2>

these relations being obtained by differentiation of (3.3) with respect to certain parameters
o;, which are then equated to zero.
Using (3.7), we can obtain e.g.,

U (t1) ¥ (x — 2o (ts), ta)> = — CUo (11) Za (ta)> —:_z' <u (2, t9)) (3.8)

All in all, the correlation functions of the velocity field u(z,t) are expressed in
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terms of the second moments of the random functions 1y, (), z, (¢)y which are in turn expressible
in terms of the correlation function of the Gaussian random force <f(:)f(t)>. In the case of a
delta correlated force of the type (1.8) we have

Cug (4)ug (tg)> = fo min (4, ty) (3.9
1 Ut — 12, H <t
e
1 Sty — 1t n <t
<20 (1) 7o (ta)> =5~ fo? { Mt —t2 4 ; f

and in particular, for the simultaneous correlations <u, (f)) = o3, <ug ()74 {£)> = Yafo¥, 2v= <zo* (1)) =
Yafo2t3.
For the velocity variance <(u’?(z, t)) = (u®> — <ud?, we can write, in view of the above:

Uy = (ue?> — 2 (ue) o g 90 -+ g V3 — (g + V) (3.10)
grQ= S dyg (z.—y, t)cp(yet)=wrpl(T %;)cp(x» t)

It is easy to estimate in the case of short times (from the instant of switching on the
random force). Using series expansion in T, in the case of an initially stationarily moving
reqgular disturbance V (n), we find that

Uy = (uo™> — 2CuezoddV ()/on + <zs?H(0V (m)/on)? + o (1)

Since a shape with one vertex is typical for a soliton, ahead of it (where aV/dn << 0)
at short times the mean square velocity pulsations will increase more rapidly, and behind it
(where 4V¥/ém >>0) their increase will slow down due to the presence of the soliton.

To make the estimates for long times (T — o) it is better to use series expansions,
not of the initial quantities V (n), but of their Fourier images V (k) (see (1.4), (1.7)).

Assuming that, for a symmetric soliton solution, V (k) 1is series-expanded in the
neighbourhood of k=20 (the expansion is then, by the symmetry, in even powers of k%), we
find that (H, are Hermite polynomials)

(=" g
Wy=gsV = E V<’"'> P (3.11)
O 1 1 (— g
e | — —— (2m) (em)
g;,;z’"' ( 4 ) VT H g, Z V ot
¥V (k)

a a2 L]
1o ( at — o )g 1) =0, Hn = Hn 212

By the usual definition of Bernoulli polynomials B, (z) in terms of the generating func-
tion texp (zt)/(expt — 1), we have

=

sh ak - (2pk)2" a4 p
sh Bk = 2 Z @m+ 0! Bymia (T)

which can be used to find the coefficients of the expansion about k=0 of the Fourier image
of the soliton of internal waves (1.11)

8n(1+Ah)/ 2n \2m -+ %k
VO =8 o T (T) Bmﬂ( £ )

For the soliton there follows in particular from this the Korteweg- de Vries equation
(as hm0)

v - _4u( ) @™ 28, s B =B (0) (3.42)~

mon, M

Substitution of (3.12) into (3.1l) gives a relation which is the same, apart from dif-
ferences in notation, as relation (B.6) of /3/.

The Fourier transform of the soliton of the Benjamin-Ono equation V (k) = 4mexp (— |k Ve)
does not depend analytically on the wave number, but after its expansion into terms V (k) =
4m ch (kic) + 4x sgn k sh (—k/c), we. can again obtain here an expansion (3.11) with V®™  replaced

by 4nc®™ with supplementary terms written symbolically in the form
4n \'s A 7 ) )
() o (5 5) [ere (- °"(zw-

The same result can be obtained from (1.14).
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In view of the complete analogy of representations (3.5), (3.6) for the mean velocity
and the moments <(v"), similar expansions can be written for the latter. Assuming that the
Fourier images V" (n) behave analytically with small wave numbers, and confining ourselves
to the principal terms of the asymptotic form, we have at long times

w = Cign, 1), WD =Cg(n,1)...
C, =S5V (m), C; = fanV2(m), ...

For the soliton of internal waves (1.11)},
Cy, =4uh (1 + 1/h), C; = 8x (1 + 1/h)*(1 — »h ctg xh)

Using the relations along with (3.10), we can assert that, to a first approximation, we
have the estimate for the velocity variance (which also remains valid for the soliton of the
Benjamin-Ono equation)

u? = U™ + v, t >
which shows that, at long times, the velocity pulsations are somewhat greater in the domain
occupied by the soliton. )

Thus, in the case of Brownian motion of the soliton, it undergoes diffusion smearing and
can increase the pulsation motions of the surrounding fluid. At earlier stages, however, the
effect of the presence of the soliton on the random disturbances is more considerable and
more complex. For instance, immediately after switching on the random force, the disturbances
increase more rapidly in front of the travelling soliton and more slowly behind it.
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THE PHENOMENA OF TURBULENT TRANSPORT AND THE RENORMALIZATION-GROUP METHOD”

E.V. TEODOROVICH

The renormalization-group (RG) method is used to study the transport of a scalar passive
impurity by turbulent velocity pulses. A solution is obtained for the turbulent Prandtl
numbers, which, in the case of large-scale long-term-processes (the infrared limit) tends
to a universal constant, which depends only on the dimensionality of the space. The version
of the RG method employed enables the behaviour of the diffusion coefficient and of the
Prandtl number to be found on approaching the asymptotic mode, and for it to be shown that
asymptotic RG methods can be used to describe the development of turbulence in the inertial
interval of the spectrum (IIS) of wave numbers.

The ideas of the RG method made their first appearance in quantum field theory /1, 2/,
and have been widely used in other fields of physics. The achievements of the method are
specially clear in the theory of critical effects, the laws of which are determined by the
large-scale and long-term fluctuations of the order parameter. 1In accordance with this, the
RG technique has been developed as an asymptotic approach in which the ideas about the fixed
points of the RG transformation are used and the scale similitude exponents (critical indices)
are found by studying the RG transformation operator, linearized near to the fixed points /3,
4/. A similar procedure has been stated, both in the context of Wilson's approach with
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